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Exact relativistic treatment of stationary black-hole–disk systems

C. Klein*
LUTh, Observatoire de Paris, 92195 Meudon Cedex, France

~Received 19 January 2003; published 24 July 2003!

We present and discuss a class of exact solutions to the stationary axisymmetric Einstein equations which
describe a regular black hole surrounded by a disk of infinite extension with finite inner radius. The spacetimes
are asymptotically flat and equatorially symmetric. They form a subclass of Korotkin’s solutions to the Ernst
equation on partially degenerate hyperelliptic Riemann surfaces of genusg12. The metric is given explicitly
in terms of theta functions on a surface of genusg. The case of genus zero when the solutions are given in
terms of elementary functions is discussed in detail.
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Systems of black holes and surrounding thin disks of c
lisionless matter, so called dust, are discussed in astroph
as models for accretion disks around black holes and ga
ies with supermassive black holes in the nucleus, see
@1–3# for the observational evidence and@4–6# for the the-
oretical background. Since a black hole is a genuinely re
tivistic object, a fully relativistic treatment of such situation
is necessary. In cases where the mass of the disk is not
ligible compared to the mass of the black hole, the s
gravity of the disk plays a role. Exact solutions to the E
stein equations for black holes with disks could provi
insight in the mathematical structure of the equations and
underlying physics. In addition they could be used to t
numerical codes for these models. Since disks of pressure
matter are known to be in general unstable, the soluti
could be used as exact initial data for numerical simulati
of gravitational collapse.

Disks around black holes must have an inner rad
strictly larger than the photon radius, the radius where p
tons move on a sphere around the black hole, to excl
superluminal velocities of the particles. Since the station
axisymmetric Einstein equations in the form of Ernst@7# are
completely integrable@8,9#, powerful solution techniques ar
at hand to obtain explicit solutions for non-active syste
consisting of a black hole and an infinitesimally thin disk.
this context Riemann surface techniques in the form of K
rotkin’s theta functional solutions to the Ernst equati
@10,11# seem to be the most promising. They were alrea
successfully applied to give explicit solutions for the pu
disk case@12,13#.

The practical importance of methods from the theory
integrable systems in the generation of solutions to the E
stein equations is somewhat limited by the fact that th
work a priori only locally. This means they establish sol
tions in finite regions of spacetime, but do not guaran
global regularity in the exterior of prescribed sources. In
context of algebro-geometric solutions, the integrable n
linear equation is linearized on the Jacobian of a plane a
braic curve which implies that different solutions can
combined in a non-linear way~sometimes called ‘‘non-linea
superposition’’!. But since this is a non-linear operation, th
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combined solutions will have in general singularities as s
gular rings, Weyl struts on the axis and singular horizons
well known example is the ‘‘superposition’’ of two Ker
black holes which results in a spacetime with a Weyl strut
the axis between the holes, see e.g.@19#. Such techniques are
thus only helpful if the analytical properties of the solutio
can be obtained in a general way as in@15#.

In this paper we discuss a subclass of Korotkin’s solutio
which are obtained on partially degenerate Riemann surfa
where precise statements on the analyticity of the soluti
can be made. The solutions describe annular disks of infi
extension but finite mass and inner radiusr051 in the equa-
torial plane. The black hole in the center of the annulus
characterized by a regular Killing horizon. The solutions a
asymptotically flat, equatorially symmetric and regular o
side the horizon and the disk. They contain a free funct
and a set of free parameters, the branch points of the
mann surface. If the energy conditions are satisfied, the m
ter in the disk can be interpreted as in@14# as made up of one
or more components of collisionless matter. Since the spa
times are asymptotically flat, the matter in the asympto
region behaves as in@14# as free particles which move o
Keplerian orbits. The approach presented here makes it
sible to map the problem for an infinite disk around a bla
hole to the problem of a disk of finite radius which allow
the use of the techniques in@15,16# in this context. For the
class of solutions presented here which can be seen
combination of the Kerr solution with an infinite disk, we a
thus able to establish regularity of the horizon and the ex
rior of the disk.

NEWTONIAN CASE

It is instructive to consider first a Newtonian analogue
a system consisting of a black hole and a disk, i.e. a po
mass with a surrounding annular disk. In Newtonian the
gravity is described by a scalar potentialU which is in
vacuum a solution to the Laplace equationDU50. We use
cylindrical coordinatesr,z,f and consider only the axisym
metric case. It is known~see e.g.@16#! that disks in the
equatorial planez50 between radii 0 and 1 can be describ
by a potential of the form

U~r,z!52
1

4p i EG

A~t!dt

A~t2z!21r2
, ~1!
©2003 The American Physical Society01-1
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whereG is the part of the imaginary axis between2 i and i
on the first sheet of the Riemann surfaceL0 defined by the
algebraic relationm0

2(K)5(K2z)21r2; A is a Hölder con-
tinuous function onG independent of the physical coord
nates. It has to vanish at the end points ofG to avoid a ring
singularity at the rim of the disk. Relation~1! can be used to
construct an annular disk of infinite extension with a fin
inner radius with the help of a Kelvin transformation as
@17,18#, a reflection at the inner circle in ther,z plane. It is
a property of the Laplace operator that a functionÛ
5U(r/r ,z/r )/r with r 25r21z2 is a solution to the Laplace
equation ifDU(r,z)50. Using the linearity of the Laplace
equation and introducing the complex coordinatej5z2 ir
we get that

U~j,j̄ !52
m

r
2

1

4p ir
E

G

A~t!

A~t21/j!~t21/j̄ !
dt ~2!

is a solution to the Laplace equation which describes a p
mass surrounded by a disk of infinite outer radius and
inner radius 1. The functionA must satisfy the additiona
conditionA(0)Þ0. It can be easily seen that the solutionU
is equatorially symmetric ifA is an even function. We note
for later use that the integral in expression~2! can be written
in the form

U~r,z!52
1

4p i EG`

ln G~t!dt

A~t2z!21r2
~3!

after a transformation t→1/t, where G`5(2 i`,
2 i #ø@ i ,i`) andA(t)5 ln G(1/t)/t ~the integral has to be
understood as a standard contour integral in the com
plane after the appropriate choice of the sign!. This estab-
lishes the relation to the form of the solutions discussed
@15#.

The total massM of the system~2! is given by M5m
1A(0)/4. Thus the contribution of the disk to the mass
due to the value ofA at the origin. We assume that the matt
in the disk consists of pressureless matter rotating with
gular velocityV. Thus the centrifugal force is the only forc
to stabilize the disk against gravitational collapse and ha
compensate the gravitational attraction,Ur5V2(r)r. In this
Newtonian setting the velocityVr of particles with radiusr
in the disk is obviously related to the point mass. By limitin
the value ofm one can thus impose upper limits on th
velocities of the particles. Asymptotically the angular velo
ity readsV25M /r3, the Keplerian value for test particles

RELATIVISTIC CASE

In the stationary axisymmetric vacuum, the metric can
written in the Weyl-Lewis-Papapetrou form~see@19#!

ds252e2U~dt1adf!21e22U@e2k~dr21dz2!1r2df2#,
~4!

where] t and]f are the two commuting asymptotically time
like, respectively, spacelike Killing vectors. The Einste
equations are in this case equivalent to the Ernst equation@7#
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1

2~ j̄2j!
~Ej̄2Ej!5

2EjEj̄

E1 Ē , ~5!

whereE5e2U1 ib; the real functionb is related to the metric
functions via a duality rotation,bj52( i /r)aje

4U. It is a
consequence of the Einstein equations that the complete
ric can be obtained for a given Ernst potential in terms
quadratures.

Since the Ernst equation is completely integrable, me
ods from soliton theory can be applied to generate solutio
The equation being elliptic it obviously does not have wav
like or solitonic solutions, but in a mathematical sense
Kerr solution for the exterior of a rotating black hole corr
sponds to a 2-soliton. The Ernst potential can be written
this case in the form

E5
e2 iwr 11eiwr 222m cosw

e2 iwr 11eiwr 212m cosw
~6!

with r i5m0(Ki)( i 51,2) andK152K252m cosw. The so-
lution is parametrized by the two parametersm ~positive
definite! andw (0<w<p/2) which can conveniently be re
lated to the asymptotically defined Arnowitt-Deser-Misn
~ADM ! mass M5m and the angular momentumJ
5m2sinw. The horizon of the black hole is located in We
coordinates on the axisr50 between 2m cosw and
m cosw. The real part of the Ernst potential vanishes at
end points of the horizon where the ergosphere touches
axis and is negative in between. Forw50 the solution be-
comes static, the spherically symmetric Schwarzschild so
tion. Forw5p/2, the case of the extreme Kerr solution, t
horizon degenerates.

Due to the complete integrability of the Ernst equatio
rich classes of solutions can be constructed in terms of th
functions on Riemann surfaces. Korotkin@10# considered
families of hyperelliptic surfacesL of genusg12 defined by
the algebraic relation

m2~K !5~K2j!~K2 j̄ !)
i 51

g12

~K2Ei !~K2Ēi !. ~7!

The main difference to corresponding solutions to other
tegrable equations like the Korteweg–de Vries equation~see
e.g.@20#! is the dependence of some of the branch points
the physical coordinates~the Ei are constant with respect t
r,z). This implies that the solutions in terms of theta fun
tions here will be neither periodic nor quasi-periodic but c
be asymptotically flat. The Ernst potential can be written
the form ~see also@15#!

E5
Qpq@v~`1!1u#

Qpq@v~`2!1u#
eI , ~8!

where

Qpq~z!5 (
mPZg12

expH 1

2
^P~p1m!,~p1m!&

1^p1m,z12p iq&J ~9!

is the theta function with characteristicp,qPCg12 on the
surfaceL; v(Q) is the Abel map with base pointj, P is the
1-2
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matrix of b periods, a point onL is denoted byQ6 where6
indicates the sheet~for details see e.g.@15#!. Since we want
to consider disks of infinite extension with inner radius 1,
consider the straightforward generalization of the Newton
formulas, i.e.

I 5
1

2p i EG`

ln Gdv`1`2, ~10!

wheredvAB is the normalized differential of the third kin
with simple poles inA andB with residues11, respectively,
21; the vectoru of its b periods can be written in the form
u5(1/2p i )*G`

ln Gdv.
In @21# it was shown that the Kerr solution can be o

tained from Eq.~8! for eveng in the absence of a disk (ui

5I 50) in the limit Eg1 j→Ēg1 j5K j , j 51,2 with K15
2K25m cosw. The additional branch points are subject
the conditionEi52Ēg112 i , i 51, . . . ,g/2, and the charac
teristic reads

F 0 . . . 0
1

2

1

2

1

2
. . .

1

2
2

1

4
1

ln A

2p i

1

4
2

ln A

2p i

G , ~11!

where withA real

e2 iw5
iA11

iA21 )
i 51

g AK12Fi

K12Ei
. ~12!

This generalizes a result in@10# where the Kerr solution was
obtained in the above setting forg50 in the ‘‘solitonic
limit.’’ Here the Kerr solution is obtained by partially degen
erating the surfaceL which leads to an Ernst potential give
on a surfaceL̃ of genusg where the cuts@Eg1 j ,Ēg1 j #, j
51,2 are removed fromL. The theta function onL is in this
limit proportional to

F~x!5upqS x̃1E
K2

2

K1
1

dṽ D 1exg111xg12upqS x̃1E
K1

1

K2
2

dṽ D
2 ie2PFAexg11upqS x̃1E

K1
1

K2
1

dṽ D
2A21exg12upqS x̃1E

K2
1

K1
1

dṽ D G , ~13!

whereP5P (g11)(g12) , i.e. it can be expressed complete
in terms of quantities defined onL̃, the corresponding thet
function u, and the differentialsdṽ. This makes it possible
to combine the Kerr solution and the disks of infinite exte
sion in a non-linear way by considering the above limit
the Ernst potential~8! which leads in the used notation to th
main result of this paper. The important point is that we c
establish the regularity of the horizon and the range of
free parameters where the exterior of the disk is regular
general way. Exactly these features which are summarize
the following theorem establish the physical relevance of
class of solutions.
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Theorem.The potential

E5
F„u1v~`1!…

F„u1v~`2!…
eĨ 1vg11(`1)1vg12(`1),

Ĩ 5
1

2p i EG`

ln Gdṽ`1`2, ~14!

wheredvg1 j5dvK
j
2K

j
1, j 51,2, is an equatorially symmet

ric solution to the Ernst equation which has a finite jump
the disk between 1 and infinity in the equatorial plane an
regular Killing horizon on the axis between2m cosw and
m cosw. The solution is regular in the exterior of the horizo
and the disk ifF„u1v(`2)…Þ0.

The conditionF„u1v(`2)…Þ0 just reflects the fact tha
within general relativity, arbitrary amounts of energy cann
be concentrated in a finite region of spacetime without le
ing to a black hole or a singularity. In the present setting,
formation of singularities is just controlled by this conditio
It determines for a given solution the range of the physi
parameters where the solution is regular in the exterior of
horizon and the disk, for the solution@12# see@22#.

We briefly sketch the proof. The fact that Eq.~14! solves
the Ernst equation is a direct consequence of working out
limit of Eq. ~8! as in @21#. The behavior at the disk wa
demonstrated in@15#; here the discontinuity is located in th
equatorial plane between 1 and infinity because of the Ke
transformation. The potential on the axis can be calculate
in @15# by a further degeneration of the Riemann surfaceL̃:
since the axis is the limitj→ j̄, the potential can be ex
pressed in terms of theta functions on the surfaceL8 where
the cut@j,j̄ # is removed fromL̃. These formulas also hold
on the horizon where it is a consequence of@21# that the
metric is identical to the Kerr metric which establishes t
regularity of the horizon. All metric functions being give
explicitly ~see@11,15#!, the same is true on the axis whe
one finds that the functione2U is zero at the end points of th
horizon where the ergosphere touches the horizon an
negative in between. The functionsa and k are zero on the
axis in the exterior of the horizon and have non-vanish
constant values with respect toz on the horizon which char-
acterizes a regular horizon~see e.g. Carter in@5#!. In the rest
of the spacetime the Ernst potential is regular unless ther
a zero in the denominator of Eq.~14! as was shown in@15#.

Since the disk extends to infinity, the spacetime cor
sponding to Eq.~14! is in general not asymptotically flat
ChoosingA(0) to be finite, one assures thatE is finite at
infinity. If F(ũ) does not vanish on the regular part of th
axis where it is a constant, the Ernst potential tends to 1
one can define in a standard way multipole moments on
axis, E5122M /z22J/z21 . . . . For a general choice of
the functionG and the additional parameters, the massM
will not be real which implies a Newman-Unti-Tamburin
~NUT! parameter which is believed to be unphysical. T
condition to have a real mass yields forg.0 a quadratic
relation for the parameterA if the functionA and the remain-
ing parameters are given. For parameters chosen in a
that this relation can be satisfied by a realA, the spacetime is
asymptotically flat in the standard sense. This procedure
1-3
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plies that the rotation state of the hole and the disk mus
synchronized. In other words the black hole and the d
cannot rotate in an arbitrary way in an asymptotically fl
setting.

The case g50: For illustration we will consider the sim
plest caseg50 in more detail even though it will turn ou
that the disks always consist of exotic matter in this ca
Since the Ernst potential is defined on a surface of ge
zero it can be expressed in terms of elementary functio
Writing the Ernst potential in the formE5(G21)/(G
11)eI , formula ~14! takes the form

G5
11eu11u2

12eu11u22 i ~Aeu11eu2/A!

r 12r 2

E12E2

1
i ~Aeu12eu2/A!

12eu11u22 i ~Aeu11eu2/A!

r 11r 2

E12E2
. ~15!

We putA5cot(w/2) to obtain foru5I 50 the Kerr solution
in the form ~6!. The static limitw50 of these solutions de
scribes the superposition of a Schwarzschild black hole
an annular disk as in@17,18#. Since this is a solution to the
Laplace equation in the exterior of the horizon and the d
the solution is always regular there and asymptotically fl
This implies that the solutions~15! are also regular in this
sense for smallw; it depends, however, on the choice of t
function A whether the extreme limitw→p/2 can be
reached without generating naked singularities as in the
of the over-extreme Kerr solutions. In non-static situatio
the spacetime will have a NUT parameter unless

E
2 i

i A~t!dt

t2m2cos2w21
50. ~16!

This is obviously only possible ifA changes sign on the pat
of integration. The ADM mass is given byM5m
1A(0)/4, the angular momentum byJ5m2sinw@1
1A(0)/(2m)#. The values for the invariant surfaceABH of
the horizon and the constant value 1/VBH of the metric func-
se

02750
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tion a at the horizon are unchanged with respect to the p
Kerr case. The constantVBH can be interpreted as the ang
lar velocity of the black hole~see e.g.@5#!.

Since the density in the Newtonian limit is proportional
*r

1A( i t )/At221 ~see@16#!, it must in this case also chang
sign. Numerically one finds that in the relativistic case, to
there must be regions with negative density in the disk wh
implies that the caseg50 does not lead to asymptoticall
flat spacetimes with non-exotic matter in the disk.

OUTLOOK

In contrast to the genus 0 case, the condition of a van
ing NUT parameter can be satisfied for higher genus
choosing the parameterA appropriately in dependence of th
other parameters whereas the density can be positive in
whole disk. For a given functionA, the parameterm has to
be chosen in a way that the energy conditions in the disk
satisfied. The analytically known expressions in terms
theta constants for the horizon surfaceABH and the angular
velocity VBH are in general different from the pure Ke
case.

Thus physically acceptable disks can in principle be fou
for g>2. The absence of non-static solutions for black ho
with surrounding disks of non-exotic matter in this forma
ism for genus 0 is not surprising since the simplest station
pure disk solutions@12,13# were also given on genus 2 su
faces. Since it is straightforward to extend the formalism
@16# and the numerical treatment of theta functions in@22# to
the case discussed here, it should be possible to iden
physically interesting black hole disk systems in this cla
Whether the algebraic problems in solving boundary va
problems due to a prescribed matter distribution in the d
can be handled analytically will be the subject of furth
research.
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