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Exact relativistic treatment of stationary black-hole—disk systems
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We present and discuss a class of exact solutions to the stationary axisymmetric Einstein equations which
describe a regular black hole surrounded by a disk of infinite extension with finite inner radius. The spacetimes
are asymptotically flat and equatorially symmetric. They form a subclass of Korotkin’s solutions to the Ernst
equation on partially degenerate hyperelliptic Riemann surfaces of gens The metric is given explicitly
in terms of theta functions on a surface of gegu§he case of genus zero when the solutions are given in
terms of elementary functions is discussed in detail.
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Systems of black holes and surrounding thin disks of col-combined solutions will have in general singularities as sin-
lisionless matter, so called dust, are discussed in astrophysigsilar rings, Weyl struts on the axis and singular horizons. A
as models for accretion disks around black holes and galayvell known example is the “superposition” of two Kerr
ies with supermassive black holes in the nucleus, see e.§lack holes which results in a spacetime with a Weyl strut on
[1-3] for the observational evidence afui—6] for the the-  the axis between the holes, see §1§]. Such techniques are
oretical background. Since a black hole is a genuinely relathus only helpful if the analytical properties of the solutions
tivistic object, a fully relativistic treatment of such situations ¢&n be obtained in a general way aq 15]. _ _
is necessary. In cases where the mass of the disk is not neg- !N this paper we discuss a subclass of Korotkin's solutions
ligible compared to the mass of the black hole, the Se|f_wh|ch are obtained on partially degenerate Riemann surfaces

gravity of the disk plays a role. Exact solutions to the Ein-Where precise statements on the 'analyticity of.the so!utions
stein equations for black holes with disks could providec@" be made. The solutions describe annular disks of infinite

insight in the mathematical structure of the equations and th€Xtension but finite mass and inner radiygs-1 in the equa-

underlying physics. In addition they could be used to testorial plar}e. The black hole in the center of the an_nulus is
numerical codes for these models. Since disks of pressurele§iaracterized by a regular Killing horizon. The solutions are
matter are known to be in general unstable, the solutiongSymptotically flat, equatorially symmetric and regular out-

could be used as exact initial data for numerical simulationSide the horizon and the disk. They contain a free function
of gravitational collapse. and a set of free parameters, the branch points of the Rie-

Disks around black holes must have an inner radiudnann surface. If the energy conditions are satisfied, the mat-
strictly larger than the photon radius, the radius where phot€r in the disk can be interpreted aq ir#] as made up of one
tons move on a sphere around the black hole, to excludg’ more component_s of collisionless matte_r. Since the space-
superluminal velocities of the particles. Since the stationaryiMeS are asympotically flat, the matter in the asymptotic
axisymmetric Einstein equations in the form of Erfitare  '€9ion behaves as ifi4] as free particles which move on
completely integrablgs,9], powerful solution techniques are Keplerian orbits. The approach presented here makes it pos-

at hand to obtain explicit solutions for non-active systemsSiPle to map the problem for an infinite disk around a black

consisting of a black hole and an infinitesimally thin disk. In N0!€ to the problem of a disk of finite radius which allows

this context Riemann surface techniques in the form of KoiN€ use of the techniques [a5,16 in this context. For the

rotkin's theta functional solutions to the Emst equationClass Of solutions presented here which can be seen as a
[10,11] seem to be the most promising. They were a|re(,id);:omb|nat|on of the.Kerr solutlgn with an |nf.|n|te disk, we are
successfully applied to give explicit solutions for the puret_hus able to establish regularity of the horizon and the exte-
disk casd12,13. rior of the disk.

The practical importance of methods from the theory of
integrable systems in the generation of solutions to the Ein- NEWTONIAN CASE
stein equations is somewhat limited by the fact that they
work a priori only locally. This means they establish solu- It is instructive to consider first a Newtonian analogue for
tions in finite regions of spacetime, but do not guarantee system consisting of a black hole and a disk, i.e. a point
global regularity in the exterior of prescribed sources. In themass with a surrounding annular disk. In Newtonian theory
context of algebro-geometric solutions, the integrable nongravity is described by a scalar potentidl which is in
linear equation is linearized on the Jacobian of a plane algetacuum a solution to the Laplace equatittd =0. We use
braic curve which implies that different solutions can becylindrical coordinateg,{,¢ and consider only the axisym-
combined in a non-linear wagometimes called “non-linear metric case. It is knowr(see e.g[16]) that disks in the
superposition}. But since this is a non-linear operation, the equatorial plané&=0 between radii 0 and 1 can be described

by a potential of the form
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wherel is the part of the imaginary axis betweeri andi 1 28,65
on the first sheet of the Riemann surfatg defined by the e ——(&— &)= —‘f_f, (5)
algebraic relationu3(K) = (K — )%+ p?; A is a Hdder con- 2(6-9) E+eé

tinuous function onl” independent of the physical coordi- where€=e?Y+ib; the real functiorb is related to the metric
nates. It has to vanish at the end pointd'ofo avoid a ring  functions via a duality rotationb,= —(i/p)age“u. Itis a
singularity at the rim of the disk. Relatiql) can be used to consequence of the Einstein equations that the complete met-
construct an annular disk of infinite extension with a finiteric can be obtained for a given Ernst potential in terms of
inner radius with the help of a Kelvin transformation as in quadratures.

[17,18), a reflection at the inner circle in the{ plane. It is Since the Ernst equation is completely integrable, meth-
a property of the Laplace operator that a functith _?_ﬂs from ?ohtct))n _theo:ly ctan.tbebappheld (th genertart]e solutions.
=U(plr,ZIr)Ir with r2=p2+ £2 is a solution to the Laplace g, = cauaton Deing eliptc it Obviously does not have wave-

ion AU —0. Usina the i itV of the Lapl like or solitonic solutions, but in a mathematical sense the
equation ifAU(p,{) =0. Using the linearity of the Laplace g soiytion for the exterior of a rotating black hole corre-

equation and introducing the complex coordindte{—ip  gponds to a 2-soliton. The Ernst potential can be written in
we get that this case in the form

. m 1 A(7) e '¢r,+e'’r,—2mcose
e | —dr @ = ©®
r 4airJr ‘/(7-—1/5)(7-—1/5) e “ri+e’r,+2mcose
with r;= uo(K;)(i=1,2) andK;= —K,= —mcose. The so-
is a solution to the Laplace equation which describes a poinution is parametrized by the two parameters(positive
mass surrounded by a disk of infinite outer radius and oflefinite and¢ (0= ¢=/2) which can conveniently be re-
inner radius 1. The functiod must satisfy the additional lated to the asymptotically defined Arnowitt-Deser-Misner
condition A(0)# 0. It can be easily seen that the solutign  (ADM) mass M=m and the angular momenturJ
is equatorially symmetric if4 is an even function. We note =M~Sine. The horizon of the black hole is located in Wey!

for later use that the integral in expressi@ can be written ~ coordinates on the axip=0 between —mcose and
m cose. The real part of the Ernst potential vanishes at the

in the form
end points of the horizon where the ergosphere touches the
1 InG(7)dr axis and is negative in between. Fgr=0 the solution be-
U(p,d)=~ A r. m 3 comes static, the spherically symmetric Schwarzschild solu-

tion. For ¢ = /2, the case of the extreme Kerr solution, the

after a transformation 7—1/7, where T',=(—i», horizon degenerates. - .
—i]U[i,i*) and.A(7)=InG(1/7)/r (the integral has to be Due to the complete integrability of the Ernst equation,
understood as a standard contour integral in the compIeQCh classes of solutions can be constructed in terms of theta
plane after the appropriate choice of the $ighhis estab- functions on Riemann surfaces. Korotkja0] considered
lishes the relation to the form of the solutions discussed if@milies of hyperelliptic surfaces of genusg+2 defined by

[15]. the algebraic relation
The total masdM of the system(2) is given byM=m ) _ 92 _
+.A(0)/4. Thus the contribution of the disk to the mass is M (K):(K—§)(K—§)iﬂl (K=E)(K-E). (@

due to the value afd at the origin. We assume that the matter

in the disk consists of pressureless matter rotating with anThe main difference to corresponding solutions to other in-
gular velocityQ. Thus the centrifugal force is the only force tegrable equations like the Korteweg—de Vries equatie®

to stabilize the disk against gravitational collapse and has t6-9-[20)) is the dependence of some of the branch points on
compensate the gravitational attractibn,,=92( p)p. Inthis  the physical coordinatehe E; are constant with respect to
Newtonian setting the velocit)p of particles with radiup ~ p.¢). This implies that the solutions in terms of theta func-
in the disk is obviously related to the point mass. By limiting tions here will be neither periodic nor quasi-periodic but can
the value ofm one can thus impose upper limits on the be asymptotically flat. The Ernst potential can be written in
velocities of the particles. Asymptotically the angular veloc-the form(see alsd15])

ity readsQ?=M/p3, the Keplerian value for test particles. O, [ w(")+u]
_ P9 | (8)
RELATIVISTIC CASE Opd (=) +ul
where
In the stationary axisymmetric vacuum, the metric can be 1
written in the Weyl-Lewis-Papapetrou forfaee[19]) 0Op4(2)= > exp{E(H(er m),(p+m))
70+2
ds?= - e?V(dt+adg)2+e V[ eX(dp?+ d¢?) + p2d?], me
4
@ +(p+m,z+2iq) (9)

whered; andd,, are the two commuting asymptotically time-
like, respectively, spacelike Killing vectors. The Einsteinis the theta function with characteristi,qe C9*2 on the
equations are in this case equivalent to the Ernst equition surfacel; »(Q) is the Abel map with base poidt 11 is the
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matrix of b periods, a point oif is denoted byQ* where+ TheoremThe potential
indicates the shedfor details see e.d15]). Since we want

i . P ) e . Flu+ow(e™)) -
to consider disks of infinite extension with inner radius 1, we il S N T oo R Co ).
consider the straightforward generalization of the Newtonian ]-‘(u+ w(oo™ ))
formulas, i.e.
= —f INGdw,+.,-, (14)

1
|:2—f InGdw,, +e-, (10)
mJr, wheredwg+j=dij—Kj+, j=1,2, is an equatorially symmet-
wheredw,g is the normalized differential of the third kind ric solution to the Ernst equation which has a finite jump at
with simple poles inA andB with residuest+ 1, respectively, the disk between 1 and infinity in the equatorial plane and a
—1; the vectow of its b periods can be written in the form regular Killing horizon on the axis betweeam cose and

u=(1/2mi) [+ In Gdw. m cose. The solution is regular in the exterior of the horizon
In [21] it was shown that the Kerr solution can be ob-and the disk ifF(u+w("))#0.

tained from Eq.(8) for eveng in the absence of a diski( _The conditionF(u+ w(*~))#0 just reflects the fact that

=1=0) in the limit Egﬂﬂggﬂ [ j=1,2 with K,= within general relativity, arbitrary amounts of energy cannot

be concentrated in a finite region of spacetime without lead-
. ing to a black hole or a singularity. In the present setting, the
the conditionk; = — Egi1-i, i=1,...9/2, and the charac-  tormation of singularities is just controlled by this condition.

teristic reads It determines for a given solution the range of the physical

—K,=mcose. The additional branch points are subject to.

1 1 parameters where the solution is regular in the exterior of the
O ... 0 2 2 horizon and the disk, for the solutigd2] see[22].
, (12) We briefly sketch the proof. The fact that EG4) solves
1 1 InA 1 InA the Ernst equation is a direct consequence of working out the
2 2 4 27w 4 27i limit of Eq. (8) as in[21]. The behavior at the disk was

demonstrated ifi15]; here the discontinuity is located in the
equatorial plane between 1 and infinity because of the Kelvin
transformation. The potential on the axis can be calculated as
(12)  in[15] by a further degeneration of the Riemann surface
since the axis is the limig— ¢, the potential can be ex-
This generalizes a result [A0] where the Kerr solution was Pressed in terms of theta functions on the surfd€avhere
obtained in the above setting far=0 in the “solitonic  the cut[£,¢] is removed fromZ. These formulas also hold
limit.” Here the Kerr solution is obtained by partially degen- on the horizon where it is a consequence[21] that the
erating the surfac€ which leads to an Ernst potentlal given metric is identical to the Kerr metric which establishes the
on a surfacel of genusg where the cut§Eg,;, g+]] j regularity of the horizon. All metric functions being given
=1,2 are removed fronf. The theta function oif is in this ~ €Xplicitly (see[11,15), the same is true on the axis where
limit proportional to one finds that the functioe?V is zero at the end points of the
- horizon where the ergosphere touches the horizon and is
X+j do JKz dZ)) negative in between. The functioasandk are zero on the
Ky N axis in the exterior of the horizon and have non-vanishing
constant values with respect ¢oon the horizon which char-
JK;dZ) acterizes a regular horizdsee e.g. Carter ifb]). In the rest
N of the spacetime the Ernst potential is regular unless there is
a zero in the denominator of E¢L4) as was shown ifil5].
f'qdz)) (13) Since the disk extends to infinity, the spacetime corre-
Ky ' sponding to Eq.(14) is in general not asymptotically flat.
Choosing.A(0) to be finite, one assures thétis finite at

whereP=1Il(gs1)g+2), I.6. it can be expressed completely jyani 1t 7(T) does not vanish on the regular part of the
in terms of quantities defined of, the corresponding theta axis where it is a constant, the Ernst potential tends to 1 and
function 6, and the differentialsio. This makes it possible one can define in a standard way multipole moments on the
to combine the Kerr solution and the disks of infinite exten-axis, E=1—2M/{—2J/¢2+ .... For ageneral choice of
sion in a non-linear way by considering the above limit ofthe functionG and the additional parameters, the mas
the Ernst potential8) which leads in the used notation to the will not be real which implies a Newman-Unti-Tamburino
main result of this paper. The important point is that we can(NUT) parameter which is believed to be unphysical. The
establish the regularity of the horizon and the range of theondition to have a real mass yields fgi-0 a quadratic
free parameters where the exterior of the disk is regular in aelation for the parametek if the function.4 and the remain-
general way. Exactly these features which are summarized iimg parameters are given. For parameters chosen in a way
the following theorem establish the physical relevance of thighat this relation can be satisfied by a réathe spacetime is
class of solutions. asymptotically flat in the standard sense. This procedure im-

where withA real

e—l(p_

ERNG

+e g+1+xg+20

F(X) = 0pq

—ie Pl Aefar1g,q( X+

—A leNo 20, X+
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plies that the rotation state of the hole and the disk must b&on a at the horizon are unchanged with respect to the pure

synchronized. In other words the black hole and the diskerr case. The constafitzy can be interpreted as the angu-

cannot rotate in an arbitrary way in an asymptotically flatlar velocity of the black holésee e.g[5]).

setting. Since the density in the Newtonian limit is proportional to
The case g 0: For illustration we will consider the sim- f})A(it)/\/tz— 1 (see[16]), it must in this case also change

plest caseg=0 in more detail even though it will turn out sign. Numerically one finds that in the relativistic case, too,

that the disks always consist of exotic matter in this casethere must be regions with negative density in the disk which

Since the Ernst potential is defined on a surface of genuignplies that the casg=0 does not lead to asymptotically

zero it can be expressed in terms of elementary functionglat spacetimes with non-exotic matter in the disk.

Writing the Ernst potential in the form&€=(G—1)/(G

+1)e', formula(14) takes the form OUTLOOK
G- 1+elthe ry—rp In contrast to the genus 0 case, the condition of a vanish-
B 1-eU1tu2—j(Aeii+e'2/A) E1—E; ing NUT parameter can be satisfied for higher genus by
choosing the parametérappropriately in dependence of the
i(Ae't—ge"2/A) ri+ry other parameters whereas the density can be positive in the

(15  whole disk. For a given function!, the parametem has to

be chosen in a way that the energy conditions in the disk are
We putA=cot(¢/2) to obtain foru=1=0 the Kerr solution Satisfied. The analytically known expressions in terms of
in the form (6). The static limitp=0 of these solutions de- théta constants for the horizon surfadgy and the angular
scribes the superposition of a Schwarzschild black hole an¥eloCity (g are in general different from the pure Kerr
an annular disk as ifiL7,18. Since this is a solution to the Case. _ _ o
Laplace equation in the exterior of the horizon and the disk, Thus physically acceptable disks can in principle be found
the solution is always regular there and asymptotically flatfor 9=2. The absence of non-static solutions for black holes
This implies that the solution&l5) are also regular in this With surrounding disks of non-exotic matter in this formal-
sense for smalp: it depends, however, on the choice of the iSm for genus 0 is not surprising since the simplest stationary
function A whether the extreme limitp—7/2 can be Pure disk solution$12,13 were also given on genus 2 sur-

reached without generating naked singularities as in the cad@Ces. Since it is straightforward to extend the formalism of
of the over-extreme Kerr solutions. In non-static situationd 161 and the numerical treatment of theta function$2g] to

+ .
1—-eU1tU2—j(Aei1+e'2/A) E1—E>

the spacetime will have a NUT parameter unless the case Qiscussgd here, it shou_ld be possiple to identify
_ physically interesting black hole disk systems in this class.

f‘ A(r)dr -0 (16) Whether the algebraic problems in solving boundary value

-i micofe—1 problems due to a prescribed matter distribution in the disk

can be handled analytically will be the subject of further
This is obviously only possible ifl changes sign on the path research.
of integration. The ADM mass is given byM=m | thank B. Carter, J. Frauendiener, E. Gourgoulhon, J.-M.
+A(0)/4, the angular momentum byl=m?sing[1 Hurg and D. Korotkin for helpful discussions and hints. This
+.A(0)/(2m)]. The values for the invariant surfacks of  work was supported by the Marie Curie program of the Eu-
the horizon and the constant valué)}/, of the metric func-  ropean Union.
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